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SHARP UPPER BOUND FOR THE FIRST NON-ZERO
NEUMANN EIGENVALUE FOR BOUNDED DOMAINS IN
RANK-1 SYMMETRIC SPACES

A. R. AITHAL AND G. SANTHANAM

ABSTRACT. In this paper, we prove that for a bounded domain 2 in a rank-1
symmetric space, the first non-zero Neumann eigenvalue p1(2) < p1(B(r1))
where B(r1) denotes the geodesic ball of radius r1 such that

vol(2) = vol(B(r1))

and equality holds iff = B(r1). This result generalises the works of Szego,
Weinberger and Ashbaugh-Benguria for bounded domains in the spaces of
constant curvature.

1. INTRODUCTION AND STATEMENT OF THEOREMS

In this paper we study the Neumann eigenvalue problem
Au = pu in

(1) vau=0 on 01,

where (2 is a bounded domain in a rank-1 symmetric space, 0f2 is the boundary of
Q, v is the outward normal to € and v.u denotes the directional derivative of u in
the direction v.

In 1954, Szego [6] proved that for all simply connected domains of given area in
R2, the maximum of the first non-zero Neumann eigenvalue is attained for a ball.
Later, Weinberger [7] extended this result for bounded domains in R™ for all n > 2.

Recently Ashbaugh and Benguria [1] have studied the problem (1) for a domain
contained in a hemisphere of the Euclidean sphere S™. For such a domain 2 they
have proved that u1(2) < uy(r1) where B(r1) denotes a geodesic ball of radius
r1 such that vol(Q2) = vol(B(r1)) and the equality holds iff Q is a geodesic ball.
They also show, using the methods of [7], that a similar result is also true for real
hyperbolic space H".

In this paper, we consider bounded domains in the remaining rank-1 symmetric
spaces. If 2 is a domain in a rank-1 symmetric space of compact type, then we
have a restriction on the size of the domain 2 viz., that €2 is contained in a geodesic
ball of radius %, where i(M) denotes the injectivity radius of (M, g). We prove
the following theorems.

Theorem 1. Let 2 be a domain contained in a geodesic ball of radius @ n a

rank-1 symmetric space (M™,ds?) of compact type, where ds? denotes the canonical
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Riemannian metric on M™ with sectional curvature 1 < Kp; < 4. Then
p1(2) < pa(B(r1)) = pa(r1)

where B(r1) is a geodesic ball of radius r1 having the same volume as that of ).
Further the equality holds iff Q0 is a geodesic ball.

Theorem 2. Let Q2 be a bounded domain in a rank-1 symmetric space (M™,ds?)
of non-compact type, where ds® denotes the canonical Riemannian metric on M™
with sectional curvature —4 < Ky < —1. Then

p(R2) < pa(B(r1)) = p(r1)

where B(r1) denotes a geodesic ball of radius r1 having the same volume as that of
Q. Further the equality holds iff 1 is a geodesic ball.

As mentioned earlier, for the symmetric spaces of constant sectional curvature,
the above results have been established in [7] and [1]. See also the concluding
remarks in section 5.

The crucial step in the works of [7] and [1] is what has come to be known as
the centre of mass theorem. In this paper we formulate this in a more geometric
and conceptual way and present a simple proof. After decomposing the Laplacian
Ay in geodesic polar coordinates and identifying the correct test functions, the
analytical arguments developed in [7] and [1] carry through.

We refer to [2] and [5] for the basic Riemannian geometry used in this paper.

2. THE CENTRE OF MASS THEOREM FOR DOMAINS
IN COMPLETE RIEMANNIAN MANIFOLDS

Let (M, g) be a complete Riemannian manifold. For a point p € M, let us denote
by 7(p) the convexity radius of (M, g) at p. Let  be a domain in (M, g) such that
) is contained in B(p,r(p)) for some p € M. let us denote by CQ the convex hull
of Q. Let exp, : TyM — M be the exponential map and let X = (z1,72,...,25)
be a system of normal coordinates centred at q. We identify C() with equ_l(CQ)
for each ¢ € CQ. We denote g,(X, X) as || X ||2 for X € T, M. Our centre of mass
theorem is the following.

Theorem 3. Let Q be a bounded domain in (M,g) contained in B(qo,7r(q0)) for
some qo € M and let G be a continuous function on [0,2r(qo)] which is positive on
(0,2r(qo)). Then there exists a point p € CQ such that

/Y%HXHMXM/=0
Q

where X = (x1, 22, ...,&y,) is a normal coordinate system centred at p.

Proof. For q € C(), we define
o) = [ GO X )Xav

where X = (21, 22,...,2,) is a geodesic normal coordinate system centred at g.
Now we shall show that the continuous vector field v points inward along the
boundary 9CS) of CQ2. Then the theorem follows from the Brouwer’s fixed point
theorem.
Since Cf) is convex, it is contained in the half space H, := {X € T,M :
9(X,v(q)) < 0} for every g € CQ, where v(q) denotes the outward normal to
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0CQ at g € 0CQ. This implies that g(v(q),v(¢q)) < 0 for all ¢ € CQ. Thus v
points inward along the boundary of CQ.

We can find a § > 0 such that exp,(év(q)) € CQ for every ¢ € CQ2. Then the
continuous map f, : CQ — CQ defined by

fu(q) = expy(6v(q))

has a fixed point p € CQ) by the Brouwer’s fixed point theorem. Hence v(p) = 0.
This completes the proof of the theorem. O

Remark. Tt is clear from the proof that the centre of mass theorem applies to any
bounded domain € in (M, g) such that C is properly contained in M.

3. PROPERTIES OF THE FIRST NON-ZERO NEUMANN EIGENVALUE
FOR GEODESIC BALLS IN RANK-1 SYMMETRIC SPACES

Let (M™,ds?) denote any one of the following rank-1 symmetric spaces: Complex
projective space C'P", quarternionic projective space HIP", the Cayley projective
plane CaP? or their non-compact duals. Let K denote R, C, H or Ca and k =
dimgK. Throughout out this paper we will use these notations. Let p;(r1) denote
the first non-zero Neumann eigenvalue for a geodesic ball of radius 71 in (M™, ds?).

We begin with the study of A, in geodesic polar coordinates centred at a point
pe M.

0? 0

AM = _ﬁ —H(’I”)E —|—As(r)

where H (r) denotes the trace of the second fundamental form of the distance sphere
S(r) := S(p,r) and Ag(y denotes the Laplacian of S(r).

Now we will describe H(r) and Ag,y. Let v € T),M be a unit tangent vector and
v» (1) be the geodesic with 7, (0) = p and +,(0) = v. Let us denote by J(v,r) the
Riemannian density function along v, (r). Since (M™,ds?) is a rank-1 symmetric
space J(v,r) is independent of v and we write it as J(r). We know that, for
(M™,ds?) of compact type, for 0 <r < Z

J(r) = sin*" "t rcosh =1

and for (M, ds?) of non-compact type, for all » > 0
J(r) = sinh** =1 r cosh* 1 r.

The trace of the second fundamental form H(r) of S(r) is equal to J'(r)J~1(r).
Hence

H(r)= (kn—1)cotr — (k — 1) tanr
for (M™, ds?) of compact type and
H(r) = (kn — 1) cothr + (k — 1) tanhr

for (M™, ds?) of non-compact type.

As an illustration, we have for (CP™, ds?), J(r) = sin®" 'rcosr and H(r) =
(2n—1) cot r — tanr and for the quarternionic hyperbolic space (HH", ds?), J(r) =
sinh®™ ! rcosh® 7 and H(r) = (4n — 1) cothr + 3tanhr. Note that for CaP? we
have n = 2. Now we study the first non-zero eigenvalue A1 (S(r)) of Ag ).
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3.1. (M™,ds?) of compact type. We have a natural Riemannian submersion
(2) IL: (S(r),ds®|s() — (M™ !, sin® rds?)

with totally geodesic fibres, for the distance sphere S(r) in (M",ds?) with the
induced metric ds? |g(,). We always assume that 0 < r < ¢(M). The fibre of II
containing a point v, (r) = ¢ € S(r), where v € T, M is a unit vector, is K.v N S(r).
We can write Ag(,) as

1

2

——Ag
7 Ccos2 r sin® r

1
Asir) = =55 Av+

sin

where Ay denotes the Laplacian along the fibres of the canonical fibration of the
unit sphere (S*"~1, ds?) with totally geodesic fibres S¥~! and Ay := A(grn-1 gg2)—
Ay. We rewrite Ag(,) as

1 1
AS(’I") = COSQ’I”AV + Sin2TA(Skn71’d52)'
Then we have
1
3 A wgoo(mn-1y = I A ppn—1 g .
( ) sinZr H |H Coo(Mn—1) (M7"—1 sin? rds?)

By equation (3), all the eigenfunctions of Apn-1 sin2,4s2) are also eigenfunctions

2kn
sin? r

of Ag(,y with the same eigenvalues. In particular the first non-zero eigenvalue
of A(prn—1 gin2 rgs2) OCCurs as an eigenvalue of Ag).

The Euclidean coordinate functions X;, for 1 < ¢ < kn, are the first non-zero
eigenfunctions of A grn-1 442) corresponding to the first eigenvalue kn — 1. Since
the fibres are all totally geodesic, these eigenfunctions restricted to the fibres of II
are also eigenfunctions with eigenvalue k — 1. Hence we get

kn—1 k-1 )X

sin’r cos?r

AgiryXi = (

for 1 < i < kn. Now
kn—1 k-1 2kn
+ <

sin’r cos?r sin’r
iff
kn+1
r < tan~! .
%=1
Hence for r < tan_l( kg_ﬁl), X;, for 1 < ¢ < kn are the first eigenfunctions of

Ag(ry with eigenvalue A;(S(r)) = (bnzl kol

sin2 r cos2 r

We remark that A;(S(r)) is a strictly decreasing function of r for 0 < 7. This
remark will be used later in section 4.

3.2. (M",ds?) of non-compact type. We will denote by (M™)* the compact
dual of M™. As in the compact type, here also, we have a natural Riemannian
submersion

(4) II:(S(r),ds> lsry) — (M™H*, sinh® rds?)
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with totally geodesic fibres, for the distance sphere S(r) := S(p,r) in (M",ds?).
For a point ¢ € S(r), the fibre through the point ¢ = ~,(r), where v € T, M is a
unit vector, is K.v NS(r). As before we have

-1 1
(5) Agey =

Ay + ———A(grn-1 44
cosh?r v sinh? r (SFnhds?)

and the euclidean coordinate functions X;’s, for 1 < i < kn are eigen functions of

Ag(ry with eigenvalue A (S(r)) = (2251 — A1) Now (£25L — _E—L ) will be

sinhZr ~ CcoshZr sinhZr ~ coshZr
the first non-zero eigenvalue of Ag(,) so long as
kn —1 k—1 2kn
sinh2r  cosh®r sinh? r
and this inequality holds for all » > 0. Hence A\1(S(r)) = (S’fl’]’}:zlr -3 ;E%T) for all

r > 0. Again we remark that A\;(S(r)) is a strictly decreasing function of r for
r > 0. See also [3] for further study of Laplacians and Riemannian submersions
with totally geodesic fibres.

3.3. Now we shall study the first non-zero Neumann eigenvalue g1 (r1). The first
non-zero eigenvalue of problem (1) is, by the separation of variables technique,
either the second eigenvalue 75 of

() QD = 7

where f is a function defined on [0, r] satisfying the boundary conditions f(0) finite
and f'(0) = 0 or the first eigenvalue py of

(" 725 Q) + M(S(r))g = .

or

where ¢ is a function defined on [0,71] with boundary conditions ¢g(0) finite and
¢'(0) = 0. We note that g(0) = 0 and also that the first eigenvalue of equation (6)
is zero. Since g is a first eigenfunction of equation (7) and also that g(0) = 0, g
does not change sign in (0,71). We assume that ¢ is positive in (0,77).

Let f and g be the eigenfunctions of equation (6) and equation (7) with eigen-
values 7o and pp respectively. Let A be a non-trivial solution of

1 0 0]
——Q=—(J —h)=ph.
(8) J(’f‘) Qar( (T)Q or ) M1
on [0,71]. By differentiating the equation (8), we see that h' satisfies equation (7)
with the same eigenvalue p;. Hence h' and g are proportional. We can assume
that ' = ¢g. Since f and h satisfy the same equation with eigenvalues 7 and

respectively, we have

0
9) Qp () (W' f = f'h) = (72 = ) fRI (r).
Since f is an eigenfunction corresponding to the second eigenvalue it must change
sign in (0,71), say at a € (0,r1).We may assume that f is positive in (0,a) and
f<0in (a,r1). Also we have f'(a) < 0. Now integrating the equation (9), we get

(r2 — u1) / C hI(r)dr = I F — fh) |8
— _J(a)f (a)h(a)

(10)
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Since g is positive in (0,71) and p1h(r1) = ¢'(r1)—H(r1)g(r1) < 0, we get h(r1) < 0.
Thus, ' = g and h(r1) < 0 together imply that A < 0 in (0,71). Now from the
equation (10), it follows that g1 < 7. Thus we have proved that py = p1(rq1).

Now we study the properties of the function g and the function pi(r1). Let us
recall that g satisfies

(1) QDI eg) = (i (5(1)) — pr(ra))gT (1)

with boundary conditions ¢g(0) = 0 and ¢'(r1) = 0. Define ¥(r) := J(r)g'(r). Then
P(0) =0 and ¥(r1) = 0 and ¥’(r) > 0 near 0. This implies that ¥ increases from
zero in the beginning and then decreases to zero. In particular (A1 (S(r)) — p1(r1))
must change sign at some point a € (0,71) by the equation (11). Since A1 (S(r)) is
a strictly decreasing function in (0,71), ¥/(r) < 0 in [a,r1]. Hence ¥(r) > 0 and
p1(r1) > A1(S(r1)). Further, since ¥ is positive in (0,71), it follows that ¢’ > 0 on
(0,71). Thus we have proved the following

Lemma 1. ¢'(r) > 0 in (0,71) and pi(r1) > A(S(r1)).

We note that for M of compact type, we have the restriction 0 < r; < 7. Using
the lemma we prove the following.

Proposition 1. p1(r1) is a decreasing function of r1.

Proof. We set up the priifer variables p(r) and 6(r) for a g satisfying the Sturm-
Liouville system

QL (P()Qa-g) +Q(r)g = 0
in (0,71) with boundary conditions g(0) = 0 and ¢'(r1) = 0, where P = J(r) and
Q(r) = (M(S(r)) — pa(r1))J(r). The variables p(r) and 6(r) = 6(r,u1(r1)) are
defined as p(r)cosf(r) = P(T)Q%Q(T) and g(r) = p(r)sinf(r). By Lemma 1 in
section 7 of [4] we know that 6(r, \) is an increasing function of A for a fixed r > 0.
By Lemma 1, 0(r, pu1(r1)) € (0,%) for 0 < r < r; < 7. Now we claim that for
0<ry <ry <%, pi(r1) > pa(rz). If not, then py(r1) < pi(re). Hence

5 = 01 u(r)) < 0(r1. ua(r2) € (0.3)

which is a contradiction. This completes the proof of the proposition.

Corollary 1. For (M™,ds®) of compact type, we have py(r1) > p1(5) = M (M) =
2k(n+1) for0<r < 7.

Proof. The function g¢(r) = sinrcosr satisfies the equation (7) with pu =
2k(n+1).
4. PROOF OF THEOREM 1

In this section (M",ds?) is of compact type. Let g be the first eigenfunction of
the equation (7) on [0,r1]. We define a function B on [0,71] by,

BUr) = (@ gea)? + M (S()g*(r).

The following lemma is a main ingredient in the proof of Theorem 1.

Lemma 2. B’ <0 on [0,71] for 0 <r < %.
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Proof. Following [1], we define
/

q(r) = sin s

g
Then
2
B(r) = {q(r) + 4 [(kn — 1) cos®r + (k — 1) sin? g
(r) {q (r) [( n—1)cos”r 4+ ( ) sin r]} 7o
2
= [¢* +4k(n — 1) cos® r + 4(k — 1)] — 92
sin” 2r
and
e
B'(r) =2[qq’ — 2k(n — 1) sin2r] —5—
sin“ 2r
+ (¢* + 4k(n — 1) cos® r + 4(k — 1)) q—2cosar g
sin 2r sin? 2r

The lemma follows once we prove that ¢’ <0 and 0 < ¢ < 2cos2r on [0,71]. Now
we prove the sublemma.

Sublemma. 0 < g <2cos2r and ¢ <0 on [0,71].

Proof. We have

" / 1
(12) ¢ =sin2rL +2cos2rL —sin2r(L)2.
g g g

Now substituting for
9" =—H(r)g'+ (M (S(r)) — pa(r1))g

in equation (12), we get
2

13 - - i — _
(13) q (p1(r1) = A1 (S(r))) sin 2r — H(r)q + 2q cot 2r .
We rewrite equation (13) as
q = —(u1(r1) — A (M) +4)sin2r
(14) N (2cos2r —q)[qg+ (k(n+1) —2)cos2r + k(n — 1)]

sin 2r
From the definition, we have ¢(0) = 2 and by an easy computation using the
equation (14) we see that ¢’(0) = 0. By differentiating the equation (14) and
evaluating at ¢t = 0, using Lemma 1, we get that ¢”(0) < —8. Further ¢(r1) = 0
and using Lemma 1 and the equation (14) we see that ¢'(r1) < 0. O

Now we prove that ¢ < 2cos2r on [0,r;] using a comparison theorem (see The-
orem 7, p. 267 of [4]). Let F(r,q) denote the right hand side of the equation (14).
From the initial values ¢, ¢’ and ¢ at t = 0, it follows that ¢(r) < 2 cos 2r for small
values of r, say for r € [0,a], for some a < 1. Now if ¢ > 2cos2r on [a,a + €) for
some € > 0, we would have, by the equation (14), for r € [a,a + €)

q'(r) < —=(pi(r1) = M (M) +4) sin 2r
< —4sin2r
= F(r,cos2r).
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The inequality in the second step above follows from Lemma 1. Now by the com-
parison theorem cited above, we conclude that ¢ < 2cos2r in [a,a + €). Thus we
have proved that ¢ < 2 cos2r on [0, 71].
To prove that ¢' <0 on [0,7], we rewrite the equation (14) as
q = —ppsin2r + L [2k(n+1) —4—¢* — k(n—1)q]
sin 2r
+ cot 2r 2k(n — 1) — (k(n + 1) — 4)q]

i.e.,

: 1 2
q = —p1sin2r + o [2k(n—1)+4—¢* — k(n —1)q]

+cot2r 2k(n+1) —8 — (k(n+ 1) — 4)q] + 4(k — 2)%.

sin 2r
Since ¢ < 2cos2r and k > 2, 2k(n — 1) +4 — ¢> — k(n — 1)g > 0 and 2k(n + 1) —
8 — (k(n+1) —4)q > 0. Hence the right hand side F(r,q) of the above equation
is convex in the variable 7, as —sin2r, 2T, cot 2r and tanr are convex functions
for 0 < r < 7%. As in [1], we conclude that ¢’ <0 on [0,r] for 0 <ry < 7.

Now to the proof of the theorem. We extend g to a function G on [0, ] by

Glr) = g(r) for0<r <ry,
g(ry) forry <r < 7.

Let Q be a domain in M contained in a ball of radius §. Now we apply the centre
of mass theorem with weight function $ to the domaln Q. Let p € CQ be the

centre of mass of 2. Then, for normal coordinates (X1, Xo, ..., Xg,) centred at p,
/ C0) xav —o
Q T

for 1 <14 < kn. Now from the Rayleigh-Ritz inequality, we have
Jo | V(55 2 av

p1(2) <

Ja(E)2dv
ie.,
GX; GX;
i@ [ (v < [ e v
By summing over i = 1,2,... ,kn we get
Yt Jo | V(EX) 2 av
15 0) < &==120
( ) /1'1( )— fQG dv

By applying the divergence theorem to the terms in the numerator of the right
hand side of the equation (15), we get
Jo (G + M (S(r)G?)aV

Jo G?dV

We denote the function G'* + A\ (S(r))G? also by B on [0, Z]. By Lemma 2, B is a
decreasing function on [0, r1] and since A;(S(r)) is a decreasing function on [r1, §],

Nl(Q) S
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s

we see that B is a decreasing function on [0, Z]. Also G is an increasing function

on [0, 7]. Following [7], we have

/ BdV = BdV+/ BdV
Q QNB(r1) Q\QNB(ry)

< / BdV+B(r1)/ av
QﬂB(’I"l) Q\SZQB(Tl)

and

/ BdV = BdV + / Bdv
B(Tl) KZQB(Tl) B(’I"l)\QﬂB(’I"l)

ie.,

/ BdV = / BdV — Bav.
QﬂB(’I"l) B(’I"l) B(Tl)\SZQB(Tl)

This implies that

BdV + B(r) / qv.

BdV < / BdV —
Q B(r1) B(r1)\QNB(r1)

B(r1)\QNB(r1)

Since vol(B(r1) \ QN B(r1)) = vol(Q\ QN B(r1)) and B is decreasing,

/deg/ BdV
Q B(Tl)

By similar arguments we can prove that

/Gdez/ G?dV.
(9] B(T‘l)

Hence p1(Q) < p1(r1) and equality holds iff Q@ = B(p,r1).

5. PROOF OF THEOREM 2

In this section (M",ds?) is of non-compact type. Let pj(r1) denote the first
non-zero Neumann eigenvalue for the geodesic ball of radius r; for r; > 0. Let g
be the eigenfunction satisfying equation (7) on [0,r;] with eigenvalue pq(r1). i.e.,
kn—1 k—1
sinh?r  cosh?r

—g" — ((kn — 1) cothr + (k — 1) tanhr) ¢’ + ( ) g=pi(r1)g

with the boundary conditions g(0) = 0 and ¢'(r1) = 0. We define a function

B(r) = (@2 9)% + M(S()g(r).

ord
Now we verify that B is a decreasing function on [0, r1].

B'(r) =2¢'g" + 299’ M (S(r))

coshr sinhr

—92¢° [(kn—-1)—/—— — (k-1
g~ |(kn )sinhgr ( )coshgr

(16)
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Now, by substituting for ¢” in equation (16) we get,

1
53’(7") = —((kn — 1) cothr 4 (k — 1) tanhr) (¢')?
coshr sinh r
—(kn—1 - (k-1 2
{( )sinh3 r ( )cosh3 r]
kn —1 k—1
+ 294’ — —p1(r1)gg’.
99 L,inh2 r  cosh? r} Ha(r)gg
Now by an easy computation, we get
1 1 k(n_ 1) / 2 ! :
=B'(r) = ————=— [(¢'sinhr — g)* coshr + 2gg’(coshr — 1) sinh ]
2 sinh” r
2(k _ 1) !’ 2 / .
— =——[(¢' sinh 2r — 2g)* cosh 2r + 4g¢'(cosh 2r — 1) sinh 2]
sinh” 2r
— p1(r1)gg’
<0 by Lemma 1.

Let © be a bounded domain in (M™,ds?). Let B(ry) be a geodesic ball of radius
r1 in M such that vol(Q2) = vol(B(r1)). We extend the function g to a function G
on [0,00) by

Gr) = {g(r) for 0 <r <7y,

g(r1) forr; <r < co.

Now we apply the centre of mass theorem with the weight function @ to the
domain . Let p € CQ be the centre of mass of 2. Then, for normal coordinates
(X1,X2,..., Xgn) centred at p,

/ @Xidv =0
Q T

for 1 <14 < kn. By the Rayleigh-Ritz inequality, we have
Jo | V(55) 2 av

Q) <
,ul( )_ fg(%)QdV
ie.,
GXi GXi
i@ [ (Epav < [ 19 ER P av
Q T Q r
By summing over ¢« = 1,2,3, ..., kn, we get
St Jo | V(55 2 av
17 0) < i= Q r
( ) Nl( )7 fQ G2dV

By applying the divergence theorem to the terms in the numerator of the right
hand side of the equation (17), we get
Jo (G2 + M(S(r)G?) dV
Jo G?dV
We denote the function (G’)? + A\1(S(r))G? also by B on [0,00). Since B’ < 0, B

is a decreasing function for all » > 0. Also G is an increasing function for all r > 0.
As in section 4, we see that p1(Q) < u1(r1) and equality holds iff Q = B(p,r1).

p1(Q2) <
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Concluding Remarks.

1. Our proof of Theorem 1 when applied to (S™, ds?) gives the result for a domain
contained in a geodesic ball of radius 7. A reflection argument developed in
[1], then shows that the theorem is true for a domain contained in a hemi-
sphere of S™. But this reflection argument can not be applied to the other
symmetric spaces of compact type.

2. The improvement of the size of the domain 2 in Theorem 1 depends on the
location of the centre of mass of €.

3. In their proof of Theorem 1 for the case of (S™, ds?), Ashbaugh and Benguria
[1] have used rearrangement of the functions B and G. As we have shown,
this is not needed.
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